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13C/12C reduced isotopic partition function ratios for the three singly 13C substituted cyano- 
acetylenes are calculated and are used to evaluate the thermodynam ic equilibrium constants 
among these species. A perturbation theory method is employed to dissect both the partition 
function ratios and also the equilibrium constants in order to gain a better understanding of 
isotope effects.

Introduction

Churchwell et al. [1] have recently observed the 
relative abundances of the three singly 13C sub­
stituted cyanoacetylenes

I  =  H - 1 3 C  =  12C -12C  =  14ĵ  ,

II =  H -12C  =  13C-12C =  14N, (1)
III =  H -12C  =  12C -13C =  14N

in a molecular cloud near the center of our galaxy. 
This finding stimulated us to study theoretically 
the distribution of 13C among the three isotopic 
isomers I, II, III in thermodynamic equilibrium 
and to compare the results of this study with the 
observations of Churchwell et al. As will be shown 
in an other publication [2], this comparison leads 
to the conclusion that the 13C distribution observed 
by Churchwell et al. does not correspond to thermo­
dynamic equilibrium (at any temperature).

In order to study the thermodynamic equilibrium 
among I, II, and III, we calculated the (reduced) 
isotopic partition function ratios (with respect to 
the all 12C molecule) of the three isotopic isomers I,
II, and III. The thermodynamic equilibrium con­
stants for the equilibrium among these three iso­
mers are then calculated as ratios of isotopic 
partition function ratios. In the evaluation of the 
isotopic partition function ratios, it is adequate to 
consider only the ground electronic state at room 
temperature and below. The Born-Oppenheimer ap­
proximation was used so that only the rotational- 
vibrational and translational energy levels con­
tribute to the partition function ratios [3]. The 
isotopic partition function ratios were furthermore
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calculated in the so-called harmonic approximation
— vibrations are assumed to be harmonic, rota­
tional-vibrational interaction is ignored, the rota­
tional degrees of freedom are assumed to corre­
spond to those of a rigid rotor, and the rotational 
partition function is calculated classically without 
consideration of quantization [4]. These approxi­
mations introduce only negligible errors into the 
calculations [5]. Such calculations require as input 
atomic masses, the equilibrium internuclear geom­
etry (isotope independent within the Born-Oppen­
heimer approximation) of this linear molecule and 
the harmonic force field (i.e. the force constants, 
which are isotope independent within the Born- 
Oppenheimer approximation). The force field used 
in such calculations is usually derived from observed 
spectroscopic data. The calculations were carried 
through with three different force fields, derived in 
somewhat different w ays: A — derived by Mallinson 
[2 , 6] on the basis of an analysis of spectroscopic 
data on HC3N and DC3N in which an anharmonic 
force field was used with terms up to quartic in the 
displacements from equilibrium, B — derived from 
observed vibrational fundamentals of HC3N and 
DC3N on the assumption that these could be 
equated to harmonic frequencies; the stretching 
force constants were calculated by Uyemura and 
Maeda [7] while the bending force constants were 
calculated by us, C — calculated like B by Cyvin 
and Klaebo [8] just from the HC3N fundamentals. 
While force field A is expected to be the most 
reliable of the three force fields, the calculations 
were carr’ed through with all three force fields. The 
three force fields are shown in Table 1; while the force 
fields are similar, there are differences between 
them. The coordinates in terms of which the force 
fields are described are defined in Table 2.
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Table 1. The three different force fields, F F  A, F F  B, 
FF  C for cyanoacetylene described in the tex t. The force 
constants F  a are given in units mdyn/A for stretches 
and mdyn • A for bends. The coordinate definitions are 
given in Table I I a.

i j FF A FF B FF C

1 1 6.366 5.904 5.92
22 16.02 16.92 15.2
33 8.13 6.866 7.7
44 15.66 16.05 15.8
55 = 66 0.254 0.213 0.189
77 = 88 0.231 0.230 0.337
99 = 1010 0.445 0.420 0.330
1 2 -0.11 0.0 0.013
1 3 0.03 0.0 0.029
1 4 0.0 0.0 -0.114
23 0.42 1.55 0.166
24 -1 .20 0.0 -  0.825
34 -0 .42 -0.208 0.253
57 = 68 0.079 0.033 0.00145
59 = 610 0.0 -  0.0605 -0.0058
79 = 810 0.031 0.029 -0.015

a The equilibrium geometry is linear w ith R(CH) =
1.0538 A , ii(C  = C) =  1.202 A . JR(C—C) == 1.385 A ,

ii(C  = N) =-1.154 A-

Table 2. Displacement coordinates employed to describe
vibrational motion of cyanoacetylene — H —C = C—C = N.

Coordinate Description
Number

1 H -  C stretch
2 C = C stretch
3 C - C  stretch
4 C =  N stretch
5,6 H -  C = C bends, pair of perpendicular

coordinates
7,8 C =  C — C bends, pair of perpendicular

coordinates
9,10 C -  C =  N bends, pair of perpendicular

coordinates

A method of analyzing isotopic partition function 
ratios by a perturbation theory approach has 
recently been introduced [9]. We will analyze here 
the partition function ratios calculated with the 
three different force fields and also the equilibrium 
constants calculated from these quantities. Atten­
tion will be given to the factors which contribute 
to the second order perturbation theory correction 
and also to how differences in force fields change 
the perturbation analysis.

In the next section, we briefly discuss the reduced 
partition function ratio. A discussion of the 
perturbation theory follows. Subsequently, the 
reduced isotopic partition function ratios are

dissected. Finally, the equilibrium constants are 
discussed.

Reduced Partition Function Ratios

Consider the equilibria 

R(12C) +  X =  S(12C) +  Y (Ki) (2) 

R (13C ) + X  =  S(13C) +  Y (K2) (3) 

R (12C) +  S(13C) =  R (13C) +  S(12C) (K3) . (4)

Here R (13C)(S(13C)) refers to a compound in which 
13C has been substituted for 12C in R (12C)(S(12C)). 
The species X  and Y have not been isotopically 
substituted. The isotope effects for the gas phase 
chemical equilibriumconstant (K ) can then be 
expressed in terms of ratios of isotopic molecular 
partition function ratios,

K \ \ K 2 —  K 3 =  ($r (i3C)/$R ('*€)) I ( Q s ( 13C ) I Q s ( 12C)) > (5)

where Q refers to molecular partition function. As 
pointed out before, it is adequate to consider only 
ground electronic states at room temperature and 
below when formulating these partition functions. 
One can then show that within the framework of 
the Born-Oppenheimer approximation there are no 
isotope effects if the molecules are subject to 
classical mechanics (^ [classical] =  1) except for 
the relevant symmetry number factors which are 
of little interest and which will be ignored here 
[4, 10]. The interest is therefore in the reduced 
isotopic partition function ratio [4, 10], the ratio 
of the quantum mechanical partition functions ot 
two isotopic molecules divided by the corresponding 
ratio of partition functions calculated classically. 
In the harmonic approximation one finds for the 
reduced isotopic partition function ratio

(Q2IQ1)
(«2/«1) /  = {Q2IQ1 ) [classical]

%  1 — e~Ul' 
~  i u u

(6)

1 -  e~Uu
exp {(uu — u2i)/2} .

Here u =  hv/kT, T  is the absolute temperature, 
h and k have their usual meanings, v refers to 
harmonic normal mode vibrational frequency, and 
for the N  atomic linear molecule the product is over 
the K  =  3 N  — 5 (3 N  — 6 for non-linear molecule) 
normal mode vibrational frequencies. The sub­
scripts 2 and 1 refer to the two isotopic molecules 
with 2 usually referring to the heavier molecule
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(e.g. 1 =  H 12C3N, 2 =  I of Equation (1)). Then 

(52/51)/(R(1»C)/R(12C))
K « =

(s2/si)/(S(13C)/S(12C)) • (7)

The equilibria among the 13C substituted cyano- 
acetylenes of Eq. (1) can then be formulated in 
terms of reduced isotopic partition function ratios

[I] (^/«i) /(I/H 12C3N)
[II]

[III]
[II]

K a =

K  , =

(«2/«s) / (II/H12C3N) ’ 
(s2/s) /(III/H12C3N)
{82/si) / (II/H12C3N)

(8)

(9)

Here [I] refers to concentration of species I at 
thermodynamic equilibrium. We note that the 
partition function of H 12C3N drops out in the 
evaluations of K \  and K$; we still prefer to for­
mulate (s2/si) f as we do, and the (S2/-S1)/ so evaluated 
can also be used in other equilibrium isotope effect 
calculations as exemplified in the above discussion, 
Eqs. (2) —(7). In subsequent discussion we shall 
refer to («2/^1) /(I /H 12C3N) as the isotopic partition 
function ratio of molecule I, etc.

With a given harmonic force field, it is straight­
forward to evaluate [11] by computer the normal 
mode vibrational frequencies of a pair of isotopic 
molecules and (s2/5i)/. Methods of calculating 
(52/51)/ without evaluating normal mode vibrational 
frequencies, such as the perturbation theory method 
here [9] and the methods of Bigeleisen and Ishida 
[12], are of interest bt cause they can throw light 
on the nature of isotope effects calculated with 
these quantities.

Perturbation Theory

We develop the perturbation theory as applied 
to cyanoacetylene. The ten internal displacement 
coordinates qi (4 stretches and 3 pairs of perpen­
dicular bends) and corresponding conjugate mo­
menta pi  in terms of which the vibrational motion 
is described are defined in Table 2. The vibrational 
Hamiltonian for cyanoacetylene can be partitioned 
into an unperturbed part Ho and a perturbed 
part H 1 ,

H  =  H q -f- H \ , (10)

1 10 1 10

= - j  y  9u Pi 2 +  -g 2 /« ?i2 
i i 

H i  =  ^ g i j P i P ]  +  2  f a ■
K j  i < j

( 11)

(12)

The / i / s  are the harmonic force constants of cyano­
acetylene (F matrix) and the gi/s  are the elements 
of Wilson’s G matrix [13]. The /*/s are isotope 
independent while the g^ s depend on atomic 
masses and on geometrical parameters. The un­
perturbed Hamiltonian corresponds to a system of 
ten uncoupled oscillators (4 stretching oscillators 
and 3 doubly degenerate bending oscillators), with 
frequencies given by Vi =  (27c)-1(fugu)1/2.

The evaluation of the reduced isotopic partition 
function ratio by a perturbation technique corre­
sponding to Eq. (10) has been discussed previously 
[9]. The unperturbed reduced isotopic partition 
function ratio is given by

V2J 1 — e ~ Vl}
TOTD =  I , -  v 21

,  V v  1

exp { ( Vij -  V2j )/2} =  f l  c (/)

(13)

where Vj =  hv / j kT.  TOTD (total diagonal) is iden­
tical in form to Eq. (6), except that the normal 
mode frequencies Vi have been replaced by the indi­
vidual coordinate stretching and bending frequen­
cies Vj. Some of the properties of the c factors of 
Eq. (13) are given in Appendix II which replaces 
a previous table of c factor properties [9].

The first order perturbation correction to TOTD 
vanishes and, to second order in the perturbation, 
the reduced isotopic partition function ratio is 
given by

TOT =  TOTD x TOTOD, 

TOTOD =  n  (CORR)y

(14)

(15)
i < j

= n  e x p  {f w — •
i<j

Here the subscripts 1 and 2 refer again to the two 
isotopic molecules. Furthermore

F
1 1

ij — {k T )2 (1 -  e~ Vi) (1 -  e ~ Vl) 

1 — exp {— [Vi  +  Vj)}
B i j 2

+  Ct]2

Vi +  Vj
r < _ e - r

Vj -  Vi
_ i gij2 
2 g u g j j

(16)

1 fa2
2 fa fjj

with
Bij — a ij ßij ,
Cij =  a ij +  ß i j ,

0LijlkT =  ± V iV j( f ijlfufjj)V2 , 
ßij /kT  =  I Vi Vjigij/ga gjj)1!2 .
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(CORR)y can be dissected into a part (CORR-Cr)y, 
obtained by setting /y  equal to zero, and a part 
(CORR--F)y obtained by setting gij equal to zero. 
Then

(CORR)y =  (CORR-G)y x (CORR-F)i}
X (CORR-FG)t j , (17)

where (CORR-FG)ij results from those parts of Fuj  
and F%ij which contain fijgij cross terms. Also

CORR-C? =  n  (CORR-G)y ,
i < j

CORR-F (18)
i < j

CORR-FG =  n  (CORR--FG)y ,
i < j

and
TOTOD =  CORR-G x CORR-F

X CORR-F G .

FF A FF B

Appendix I lists formulae for the diagonal and 
off-diagonal G matrix elements [13] needed for the 
perturbation theory calculations on cyanoacetylene. 
The conversion factors necessary to calculate Vi 
quantities from force constants given in Table 1 and 
with masses given in atomic mass units are also 
presented. Although this procedure may be some­
what tedious, it is quite straightforward to calculate 
the various perturbation theory terms for the 
isotopic partition function ratios with a hand 
calculator.

Cyanoacetylene Calculations

Tables 3 and 4 report reduced isotopic partition 
function ratio calculations for the three 13C sub­
stituted compounds I, II, III at 150 K and 300 K  
respectively. We report the exact value of the

Table 3a. Calculation for 
Hi3Ci2Ci2CN/Hi2C3N of the 
exact reduced isotopic p a r­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 150 K 
corresponding to the three 
force fields of Table l . a

(S2/S ,) f 1.310 1.320 1.307
TOT 1.306 1.314 1.302
In (s2/s ,) f 0.270 0.277 0.268
In TOT 0.267 0.273 0.264
In TOTD 0.278 (1.043)d 0.277 (1.076) 0.268 (1.015)
In 1 1 b 0.046 (0.172) 0.044 (0.162) 0.044 (0.167)
In 2 2 0.179 (0.671) 0.185 (0.677) 0.174 (0.660)
In 5 5 = In 6 6 0.021 (0.078) 0.018 (0.068) 0.017 (0.064)
In 7 7 = In 8 8 0.006 (0.021) 0.006 (0.021) 0.008 (0.030)
In TOTOD -0.011 ( -  0.043) -0.004 (-0.016) -0.004 (-0.015)
In 1 2 c -0.012 ( -  0.044) -0.013 ( -  0.046) -0.012 ( -  0.046)
In 2 3 0.013 (0.047) 0.015 (0.054) 0.012 (0.044)
In 57 =  In 68 -0.006 ( -  0.024) -0.003 (-0.012) -  0.C02 ( -  0.007)

a Logarithmic dissection term s which only yield zero entries are omitted here and 
in all other tables, where relevant.

b Diagonal notation ii stands for c(i). Thus In 11 means ln c ( l) .  
c Off-diagonal notation ij  stands for (CORR)^. Thus In 12 means In (CORR)i2 . 
d Numbers in parenthesis refer to the ratio of the adjacent entry to In TOT in the same 

column. Note th a t these numbers are given to greater accuracy than are the adjacent entries.

FF A FF B FF C

(s2/s ,) f 1.353 1.328 1.379
TOT 1.366 1.343 1.3S3
In (s2/s ,) f 0.302 0.284 0.322
In TOT 0.312 0.295 0.331
In TOTD 0.365 (1.170) d 0.357 (1.211) 0.366 (1.106)
In 2 2 b 0.179 (0.574) 0.185 (0.626) 0.174 (0.526)
In 3 3 0.122 (0.391) 0.111 (0.374) 0.118 (0.357)
In 5 5 =  In 6 6 0.005 (0.015) 0.004 (0.014) 0.004 (0.011)
In 77 =  In 8 8 0.020 (0.064) 0.020 (0.068) 0.028 (0.083)
In 9 9 = In 1010 0.007 (0.024) 0.007 (0.024) 0.006 (0.018)
In TOTOD -0.053 (-0.170) -0.062 (-0.211) -0.035 (-0.106)
In 1 2 c 0.002 (0.008) 0.003 (0.009) 0.002 (0.008)
In 2 3 -0.046 (-0.148) -  0.058 (-0.195) -0.042 (0.127)
in 3 4 0.010 (0.031) 0.009 (0.031) 0.011 (0.032)
In 5 7 = In 6 8 -0.006 (-0.018) -0.003 (-0.010) -  0.001 ( -  0.004)
In 59 = In 6 10 0.000 (-0.001) d -0.002 (-  0.006) 0.000 (-0.001) d
In 7 9 = In 8 10 -0.004 (-0.012) -0.003 (-0.012) -0.001 ( -  0.004)

Table 3b. Calculation for 
H12C13C12CN/H12C3N of the 
exact reduced isotopic par­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 150K  
corresponding to the three 
force fields of Table l . a 
Footnotes refer to Table 3 a.
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FF A FF B FF C

(S2/Sy) f 1.408 1.391 1.381
TOT 1.421 1.404 1.395
In (s2/s ,) f 0.342 0.330 0.323
In TOT 0.351 0.340 0.333
In TOTD 0.386 (1.098) d 0.373 (1.099) 0.371 (1.114)
In 3 3 b 0.122 (0.347) 0.111 (0.325) 0.118 (0.355)
In 4 4 0.183 (0.521) 0.186 (0.546) 0.184 (0.553)
In 7 7 =  In 8 8 0.004 (0.012) 0.004 (0.013) 0.006 (0.018)
In 9 9 = In 1010 0.036 (0.102) 0.034 (0.101) 0.028 (0.085)
In TOTOD -0.034 ( -  0.098) -0.034 ( -  0.099) -0.038 (-0.114)
In 2 3 c 0.011 (0.030) 0.011 (0.032) 0.010 (0.030)
In 3 4 -0.038 (-0.108) -0.038 (-0.112) -0.045 (-0.135)
In 7 9 = In 8 10 -0.003 (-0.010) -0.003 (-0.010) -0.001 ( -  0.004)

FF A FF B FF C

(s2/s , ) f 1.120 1.124 1.118
TOT 1.120 1.123 1.118
In (s2/s ,) f 0.114 0.117 0.111
In TOT 0.114 0.116 0.111
In TOTD 0.119 (1.045)d 0.119 (1.019) 0.113 (1.019)
In 1 1 b 0.021 (0.189) 0.021 (0.177) 0.021 (0.185)
In 2 2 0.080 (0.702) 0.083 (0.710) 0.077 (0.694)
In 5 5 =  In 6 6 0.007 (0.063) 0.006 (0.053) 0.006 (0.049)
In 77 -  In 88 0.002 (0.014) 0.002 (0.014) 0.002 (0.021)
In TOTOD -0.005 ( -  0.045) -0.002 (-0.019) -0.002 (-0.019)
In 1 2C -0.005 (-0.042) -0.005 ( -  0.045) -0.005 ( -  0.046)
In 2 3 0.004 (0.034) 0.005 (0.042) 0.003 (0.031)
In 5 7 =  In 6 8 -0.002 (-0.018) -  0.001 ( -  0.008) 0.000 (0.022)

FF A FF B FF C

(s2/s ,) f 1.136 1.125 1.142
TOT 1.138 1.129 1.145
In (s2/s ,) f 0.127 0.118 0.133
In TOT 0.129 0.121 0.135
In TOTD 0.150 (1.157) d 0.146 (1.209) 0.148 (1.095)
In 2 2 b 0.080 (0.616) 0.083 (0.683) 0.077 (0.570)
In 3 3 0.051 (0.396) 0.046 (0.377) 0.049 (0.365)
In 5 5 = In 6 6 0.002 (0.012) 0.001 (0.011) 0.001 (0.009)
In 7 7 = In 8 8 0.006 (0.043) 0.006 (0.046) 0.008 (0.059)
In 9 9 = In 1010 0.002 (0.017) 0.002 (0.018) 0.002 (0.012)
In TOTOD -  0.020 (-0.157) -  0.025 ( -  0.209) -0.013 ( -  0.095)
In 1 2 c 0.001 (0.007) 0.001 (0.008) 0.001 (0.006)
In 2 3 -0.018 (-0.140) -  0.024 (-0.197) -0.016 (-0.118)
In 3 4 0.002 (0.019) 0.002 (0.018) 0.003 (0.021)
In 5 7 =  In 6 8 -0.002 (-0.014) -0.001 ( -  0.007) 0.000 ( -  0.002)
In 5 9 =  In 610 0.000 ( -  0.002) -  0.001 ( -  0.005) 0.000 ( -  0.001) d
In 7 9 =  In 8 10 -0.001 ( -  0.006) -0.001 ( -  0.006) 0.000 (0.000)

Table 3 c. Calculation for 
H 12C12C13CN/H12C3N of the 
exact reduced isotopic par­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 150 K  
corresponding to the three 
force fields of Table l . a 
Footnotes refer to Table 3 a.

Table 4 a. Calculation for 
H 13C12C12CN/H12C3N o f the 
exact reduced isotopic par­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 300 K  
corresponding to the three 
force fields of Table l . a 
Footnotes refer to Table 3 a.

Table 4b. Calculation for 
H 12C13C12CN/H12C3N o ft he 
exact reduced isotopic par­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 300 K 
corresponding to  the three 
force fields of Table l . a 
Footnotes refer to  Table 3 a.

reduced isotopic partition function ratio [Eq. (6)] 
as {s2/si)f.  The perturbation theory approximation 
is reported as TOT. From Eq. (13) —(15),

TOT =  n < 0 - > n  (CORE)« (19)
j  i < j

so that

In TOT =  ^  c (?) +  2  (CORR)y . (20)
j  i < j

The additive nature of Eq. (20) permits us to assess 
the fractional contribution of each term in the sum 
to In TOT. Consequently, the dissection of TOT 
into its components in the Tables is carried out in 
logarithmic form and the fractional contributions 
to In TOT are reported. Thus, for the reduced 
isotopic partition function ratio of I (really 
I/H 12C3N) with force field A at 150 K, Table 3a
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FF A FF B FF C

(s2/s ,) f 1.152 1.146 1.143
TOT 1.154 1.148 1.146
In (s2/s ,) f 0.142 0.136 0.134
In TOT 0.144 0.138 0.136
In TOTD 0.156 (1.088) d 0.151 (1.089) 0.151 (1.107)
In 3 3 b 0.051 (0.357) 0.046 (0.329) 0.049 (0.363)
In 4 4 0.081 (0.563) 0.082 (0.594) 0.081 (0.598)
In 77 = In 88 0.001 (0.008) 0.001 (0.009) 0.002 (0.013)
In 9 9 = In 1010 0.011 (0.075) 0.010 (0.074) 0.008 (0.060)
In TOTOD -0.013 ( -  0.088) -0.012 ( -  0.089) -0.015 (-0.107)
In 2 3 c 0.003 (0.020) 0.003 (0.022) 0.003 (0.019)
In 3 9 -0.014 ( -  0.096) -0.014 (-0.100) -0.017 (-0.127)
In 7 9 = In 8 10 -0.001 ( -  0.006) -0.001 ( -  0.006) 0.000 (0.000)

Table 4 c. Calculation for 
H 12C12C13CN/H12C3N o fth e  
exact reduced isotopic par­
tition function ratio and the 
perturbation theory dissec­
tion of this ratio a t 300 K  
corresponding to the three 
force fields of Table l . a 
Footnotes refer to Table 3a.

reports that ln c ( l)  is 0.172 of In TOT, that 
In (CORR)23 is 0.047 of In TOT, that In (CORR)s7 
is — 0.024 of In TOT and that In (CORR^s makes 
the same contribution as ln (CORR)s7 . The last 
equality as well as other equalities noted in 
Tables 3 and 4, which involve the perpendicular 
bending coordinates, follow from the equalities in 
Table 1 and in Appendix I, which in turn follow 
from symmetry considerations. These equalities 
lead to the result that each c factor for a bend and 
each CORR factor for bends makes two contribu­
tions; thus, bend effects are often larger than they  
seem to be at first sight.

It has been pointed out previously [9] that the 
second order perturbation development reproduces 
(s2/si)f  better at higher temperatures than at lower 
temperatures. Thus, we see from Tables 4 that the 
maximum difference between In (^ /^ i)/ and In TOT 
at 300 K  is 0.003 while Tables 3 show maximum 
difference at 150 K of 0.01. One would not want to 
employ the perturbation theory below 150 K.

Discussion of c Factors
We note that the c factors in Tables 3 are larger 

than those in Tables 4 (Rule 3, Appendix II). 
There are no c factor entries for coordinates 3, 4, 9, 
and 10 in Tables 3 a and 4 a since the logarithm of 
unity vanishes (Rule 2a, Appendix II). We also 
note that the largest cfactors correspond to stretches. 
Thus for molecule I (Tables 3 a and 4 a) c(l) and 
c(2) are largest; for molecule II (Tables 3b and 4b) 
c(2) and c(3) are largest; for molecule III (Tables 3c 
and 4 c) c(3) and c(4) are largest. Moreover, for 
molecule I, c (l)  is considerably smaller than c(2). 
While the higher frequency of the C—H stretch 
compared to the C =  C stretch is expected to lead to 
a higher c (l)  value (Rule 4, Appendix II), the

larger carbon isotope effect [g(light)/gr (heavy)] on 
the diagonal G matrix element for the C =  C stretch 
(m^j1 - f  m ^1) compared to that of a C—H stretch 
(wig1 +  mjj1) is the deciding factor (Rule 5 a, 
Appendix II). Similarly even c (3) for molecule II 
is much larger than c (1) for molecule I.

Before the numerical calculations were carried 
out, we recognized that the force constant for a 
C =  C stretch is approximately the same as that of a 
C =  N stretch and that moreover the carbon isotope 
effects on the diagonal G matrix elements for these 
two coordinates are also very similar, so that 
c (2) in molecule II approximately equals c (4) in 
molecule III. We also knew that c(l) for mole­
cule I would be less than c (3) for molecule II and 
that therefore the c factor for a C =  C stretch 
should be larger than for a C—C stretch (Rule 4a, 
Appendix II). Consequently we reasoned on the 
basis of c factors (zeroth order perturbation 
theory), with neglect of the bending effects which 
were expected to be (and are) smaller (lower force 
constants — Rule 4 a, Appendix II), that the (52/^1)/ 
magnitudes would rank themselves in the order
I < 1 1  ~  III. The calculations bear out this predic­
tion with respect to I, but it is found that I I <  III. 
The bending c factors and also the off-diagonal con­
tributions are found to be of importance for 
quantitative considerations. Note that, in both the 
above qualitative predictions and also in the actual 
calculations, c(2) is the same for both molecules I 
and II and likewise c(3) is the same for both 
molecules II and III.

For the bends, the c factors are equal in pairs for 
the two perpendicular coordinates. For each case, 
the c factor is expected to be largest when the 
isotopic atom is the center atom of the bending 
coordinate (Rule 5a, Appendix II). Thus c(5) is
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largest for I ; c (7) is largest for II, and c (9) is largest 
for III. c(5) for molecule I is found to have the 
same magnitude as c(7) for molecule II with force 
fields A and B; c(7) for molecule II with force 
field C  is larger because of the large f n  force 
constant in this force field. The equal magnitude of 
c(5) and c(7) noted above is the result of two 
opposing factors just as in the case of c (l) and c(2) 
for molecule I: on the one hand, the diagonal 
G matrix element for coordinate 5 is larger and 
leads to >  vi' (the coordinate involves a hydro­
gen) while, on the other, ^155/^255 for I is smaller 
than <7177/(72 77 lor II (Rules 4 and 5 a, Appendix II). 
The outcome in the present case is somewhat 
different than in the c( 1), c(2) case.

As for the different results obtained with the 
different force fields, the results in general can be 
anticipated from Rule 4 a, Appendix II. For ex­
ample, the c(3) values in Tables 3 b and 4 b directly 
reflect the force constants; a similar statement holds 
for the c(9) values in Table 3c and 4c. We refrain 
from giving further examples.

Discussion of ( C O R R ) y  Factors

Appendix II lists a set of rules for c factors. 
These rules are based on the mathematical structure 
of c and have general validity. Appendix III lists 
a set of rules for ( C O R R ) y  factors. Rules 5, 6, 7 
here need not have general validity and merely 
represent the experience of the cyanoacetylene 
calculations presented here. The validity of these 
rules depends on the force constants and on the 
magnitudes of the (i matrix elements, and on the 
isotope effects on these.

The magnitudes of the In (CORR)y factors in 
Tables 4 are smaller than the corresponding 
quantities in Tables 3 (Rule 1, Appendix III). This 
statement also applies to ln TOTOD. All the inter­
action terms (CORR)y appear in Tables 3 and 4 
where i and j  have isotopically substituted atoms 
in common and the corresponding In (CORR)y 
values are negative (Rule 6a, Appendix III), 
ln (CORR)ö9 in Table 3b and 4b is close to zero; 
959 2 1 (.955 9  9 9 )  and its difference isotope effect are 
quite small compared to other bend-bend cases, the 
interactions for which are listed in Tables 3 and 4. 
In (C0RR)i2 for molecule I is considerably smaller 
in magnitude than is In (C0RR)23 for molecule II. 
This result is a direct consequence of the high value 
of <7n which leads to a decrease in the perturbation

strength gi2l [gn9 2 2 )1/2 and in the difference isotope 
effect on its square (Rule 6, Appendix III). The 
bend interaction terms tend to be smaller than the 
stretch interaction terms since the bending fre­
quencies are smaller (Rule la , Appendix III). For 
the stretch interaction terms, we list not only the 
negative terms of Rule 6 a but also the positive 
terms of Rule 6 b, which tend to be smaller than the 
negative term (Rule 7). For the bending interactions, 
the latter terms are insignificant and consequently 
not listed. The perturbation strength of the seem­
ingly large /24 force constant in force field A is 
actually not so large — | / 24/(/22/ 44)1/2 | =  0.076. 
Rule 5 a, Appendix III, is not violated for (CORR)24.

Tables 3 and 4 show that the sum of the 
In (CORR)y factors, In TOTOD, is negative in all 
cases. Tables 5 a, b, c show the break-up of the 
In (CORR)y factors into component parts at 150 K  
for force field A. The lower temperature value was 
chosen for this complete analysis because the 
factors are larger at this lower temperature. These 
Tables confirm the statement in Rule 5, Appendix
III, that ln (CORR-C?)y tends to make the major 
contributions, with ln (CORR-FG)ij  making smaller 
contributions. The contributions of In (CORR-F)t j  
factors tend to be insignificant. While the sign of 
In (CORR-Cr)y is independent of the sign of gt j ,  

In (CORR-jFCr)y depends on the relative signs of /y  
and gij. From the simple formula for J y  in Rule 4, 
Appendix III, we expect that In (CORR-TYr)y will 
have the same sign as ln(CORR-G%- if /y  and gij 
have opposite signs, and the opposite sign if /y  
and gtj have the same signs. This expectation is 
confirmed by the Tables. Significant In (CORR--F'Cr)y 
factors are found when /y /(/« /y )1/2 is large. The 
major contribution to In (CORR-i'Y?) (the sum of 
In (CORR-JY?)y factors) for molecules I and II 
does appear to come from the bending coordinates. 
Since the (CORR-(?)y values only depend on the 
diagonal force constants, the masses, and geom­
etrical parameters, these quantities are approxi­
mately the same for all three force fields; con­
sequently, the (CORR-(?)y values can be compared 
with all the (CORR)y values of Tables 3 to obtain 
estimates of (CORR-iY?)*;. Note that, as with 
force field A, In (CORR-F )y  values are generally 
not significant with force fields B and C.

We compare Table 3a and Table 5a. With force 
field A, the main difference between (CORR-(x)y 
and (CORR)y factors occurs for the interaction
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i j In (CORR-G)(/ In (CORR-F)ij In (CORR-FG),y

1 2 -  0.0126 0.0000 0.0009
23 0.0118 0.0000 0.0009
24 0.0000 -0.0001 0.0000
57 = 68 -0.0014 -0.0003 -0.0046
79 = 810 0.0001 0.0000 0.0001
In CORR-X b -0.0035 -0.0008 -  0.0071

a Logarithmic dissection term s which only yield zeros entries are omitted.
b In CORR-X entries correspond to sums of entries in 

For the first sum, In CORR-X means In CORR-G, etc.
respective column.

i j In (CORR-G),y In (CORR-F);j In (CORR-FG),y

1 2 0.0026 0.0000 — 0.0001
23 -0.0415 -  0.0001 -  0.0045
24 0.0000 -  0.0001 0.0000
34 0.0105 0.0000 -  O.OCO7
57 = 68 -0.0012 -0.0007 -0.0038
59 = 610 -0.0002 0.0000 0.0000
79 = 810 -  0.0021 0.0000 -0.0015
In CORR-X b -0.0354 -0.0016 -0.0162

Table 5a. Dissection of In (CORR)y 
for H 13C12C12CN/H12C3N, Force Field 
A, 150K .a

Table 5b. Dissection of In (CORR)y 
for H 12C13C12CN/H12C3N, Force Field 
A, 150 K .a Footnotes refer to 
Table 5 a.

i j In (CORR-G),y In (CORR-F),y In (CORR-FG),y

23 0.0100 0.0000 0.0006
24 0.0000 -  0.0002 0.0000
34 -  0.0426 -  0.0001 0.0046
5 7 = 6 8 0.0000 -  0.0001 0.0002
79 = 810 -0.0019 0.0000 -0.0015
In CORR-X b -  0.0365 -0.0006 0.0028

Table 5 c. Dissection of ln(CORR)y 
for H 12C12C13CN/H12C3N, Force Field 
A, 150 K .a Footnotes refer to 
Table 5a.

between 5 and 7. This finding reflects the relatively 
large magnitude of 7 (measured in terms of the 
perturbation strength — / 57/(/s5/ 77)1/2)- With force 
field B, the (CORR-Cr)^ factors and (CORR)y 
factors are very similar; the largest deviation 
occurs for the interaction between 2 and 3. Tiiis 
deviation is much smaller than the effect we had 
anticipated when we first noted the value of /23 in 
force field B (actually / 23/(/22/ 33)1/2 is only 0.14). 
In ths force field C off-diagonal force constants are 
sufficiently small so that the (CORR)y factors and 
(CORR-Cr)y factors show quite good agreement.

One could analyze the (CORR)y terms in 
Tables 3 b and 3 c in the detail used for 3 a, but we 
shall not do so. We note from the comparison of 
In (CORR-G) and ln TOTOD that the ln (CORR-C?) 
evaluation correctly predicts that In TOTOD is 
larger in magnitude for molecules II and III than 
for molecule I. With force field C, ln (CORR-C?) 
approximates In TOTOD in Tables 3a, 3b, 3 c quite 
well. The same can be said in the case of force 
fields A and B in Table 3a and 3c. However, in 
Table 3 b, one finds non-negligible effects from 
(CORR-i'Y?)*/ factors with force fields A and B,

i i
1 II III

H12C3N H,2C3N H’2C3N

1 2 -  0.0052 0.0009 0.0000
23 0.0035 -0.0158 0.0026
34 0.0000 0.0023 -0.0162
5 7 = 6 3 -  0.0002 -0.0002 0.0000
59 = 610 0.0000 0.0000 0.0000
79 = 810 0.0000 -  0.0-002 -  0.0002
In CORR-G -  0.0021 -0.0130 -0.0140

Table 6. ln(CORR-G!)j;a, Force Field 
A, 300 K, for the three 13C substi­
tu ted  cyanoacetylenes. Footnote re­
fers to Table 5a.
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which lead to differences between ln TOTOD and 
In (CORR-G) of 0.018 and 0.027 respectively. 
These contributions arise in part from the bending 
interaction force constants but the interaction 
force constant between coordinates 2 and 3 also 
makes a contribution, especially with force field B.

In Table 6, In (CORR-C?) and the In (CORR-Cr)y 
factors are given at 300 K ; these values can be 
compared with the In (CORR)y factors in Tables 
4a, b, c. The comparison is similar to the com­
parison at 150 K. At 300 K, the conti ibution of the 
off-diagonal elements of the F matrix to the parti­
tion function ratio is usually much less than 1 %.

Discussion of In TOT

If one has a qualitative understanding of the 
c(i) factors and the (CORR)y factors discussed in 
the previous sections, then one also has an under­
standing of TOT, which is the product of these 
terms and also the perturbation theory approxi­
mation of the reduced isotopic partition function 
ratio. Tables 3 and 4 give the percentage contribu­
tions of each of the terms to the total reduced 
partition function ratio (in logarithmic form). Thus 
for molecule I, the largest single contributor is c(2), 
which contributes about 67% at 150 K (with all 
three force fields) and about 70% at 300 K. For 
molecule II, the largest single contributor is again 
c(2); at 150 K its percentage contribution varies 
between 53% and 63%, depending on which force 
field is employed. At 300 K, the percentage con­
tribution varies between 57% and 68%. For 
molecule III, the largest contributor is c(4) with a 
percentage contribution of about 54% at 150 K  
(depending on force field); this number increases 
to 58% at room temperature. We have found then 
that the triple bond coordinates adjacent to the 
isotopic position make the major contribution to 
the isotopic partition function ratios.

Many analyses of this type and also others could 
be given. We refrain from further analyses since 
the requisite data for doing so are included in the 
Tables.

Dissection of the Equilibrium Constants K 4 and K 5

As noted previously, reduced isotopic partition 
functions are evaluated because they can be 
combined to yield isotope effects on equilibrium 
constants or equilibrium constants of isotopic

exchange reactions. (52/51) / itself is the isotope 
effect on the equilibrium constant for the reaction 
of the molecule dissociating into atoms. We shall 
only consider the equilibrium constants and 
here (see Eqs. (8) and (9)). The results are given in 
Table 7 a (150 K) and in Table 7 b (300 K).

The comparison of the results labeled In (52/«i)/ 
and In TOT in Tables 7 a and 7 b indicates that the 
perturbation theory shows good behavior except 
in the case i f  4 at 150 K, where the perturbation 
theory makes an error of about 0.013. If one 
considers the magnitude of the equilibrium con­
stants here, this error is high and consequently one 
should not use the perturbation theory below 
150 K. In subsequent discussion here, we will talk 
about c(j) when we really mean In c(j), etc.

While a number of equilibria have been studied 
where TOTD by itself predicts the equilibrium 
constant [9], for i f  4 and i f  5 here TOTOD is quite 
important. The sign of TOTD is in all the cases 
here the same as sign of TOT. Detailed considera­
tion of Tables 7 a and 7 b permits one to assess the 
contributions of the various factors to the equilib­
rium constants and also to intercompare the 
various force fields. In order to conserve space, we 
will limit the discussion here to K \  and i f 5 calculated 
at 150 K with force field A. To some extent there 
may be overlap with the discussion of the previous 
section.

To discuss i f  4, one needs to consider Tables 3a, 
3 b, and 7 a. The contribution of c(2) cancels since 
it is common to both molecules I and II. c(4) 
makes no contribution to either molecule I or 
molecule II. The stretching coordinate contribution 
to i f  4 arises from the difference between the c(l) 
contribution of molecule I (from H —13C) and the 
c(3) contribution of molecule II (from 13C—C). 
That the c(3) contribution is larger follows from 
previous discussion; consequently the contribution 
of the stretches to the equilibrium constant is 
negative. The large bending c factor for molecuie I 
corresponds to c(5) while for molecule II it corre­
sponds to c(7). As discussed previously, these two 
have approximately the same value and hence tend 
to cancel in the equilibrium constant. Of course, 
there is a c(7) contribution from molecule I and a 
c(5) contribution from molecule II but those also 
cancel in the equilibrium constant. In fact, the 
main contribution to the equilibrium constant from 
bending coordinate c factors arises from the c(9)
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k - [H
- 13C =  1 IIIOIO

N] k _ [ h -

OIIIO

- 13C - N]
4 [H III010III01 N] 5 [H - - O III O ~ ’ 2C = N]

FF A FF B FF C FF A FF B FF C

In (s2/s ,) f -0.032 -0.007 -0.054 0.040 0.046 0.001
In TOT -0.045 -0.022 -0.067 0.039 0.045 0.002
In TOTD -0.087 -0.080 -0.098 0.021 0.015 0.005
In 1 1 0.046 0.044 0.044 0.000 0.000 0.000
In 2 2 0.000 0.000 0.000 -0.179 -0.185 -0.174
In 3 3 -0.122 -0.111 -0.118 0.000 0.000 0.000
In 4 4 0.000 0.000 0.000 0.183 0.186 0.184
In 5 5 = In 6 6 0.016 0.014 0.013 -0.005 -0.004 -0.004
In 7 7 =  In 8 8 -0.014 -0.014 -  0.020 -0.016 -0.016 -0.022
In 9 9 = In 1010 -0.007 -0.007 -0.006 0.029 0.027 0.022
In TOTOD 0.042 0.058 0.031 0.019 0.028 -0.003
In 1 2 -0.014 -0.015 -0.014 -0.002 -0.003 -0.002
In 2 3 0.059 0.073 0.054 0.057 0.069 0.052
In 3 4 -0.010 -0.009 -0.011 -0.048 -0.047 -0.056
In 5 7 = In 6 8 0.000 0.000 -0.001 0.006 0.000 0.001
In 5 9 = In 6 10 0.000 0.002 0.000 0.000 0.002 0.000
In 7 9 =  In 810 0.004 0.003 0.001 0.001 0.003 0.000

Table 7 a. Equilibrium con­
stants K 4 and K  5 a t 150 K 
calculated from the informa­
tion in Tables 3. The head­
ings are the same as those 
of Tables 3. The left-hand 
designations refer to  the 
contributions of the respec­
tive terms in Tables 3 to 
the respective equilibrium 
constants.

K - [H ~

OIIIO zIII01

K - [H

I O III 0 1 13C =  N]
[H - O III 6 -  C =  N] 5 [H I O III 6 - C  =  N]

FF A FF B FF C FF A FF B FF C

In (s2/s ,) f -0.013 0.001 -  0.022 0.015 0.018 0.001
In TOT -0.015 -0.005 -  0.024 0.015 0.017 0.001
In TOTD -0.031 -  0.027 -0.035 0.006 0.005 0.003
In 1 1 0.021 0.021 0.021 0.000 0.000 0.000
In 2 2 0.000 0.000 0.000 -0.080 -0.083 -  0.077
In 3 3 -  0.051 -0.046 -0.049 0.000 0.000 0.000
In 4 4 0.000 0.000 0.000 0.081 0.082 0.081
In 5 5 = In 6 6 0.005 0.005 0.005 -0.002 -0.001 -0.001
In 7 7 = In 8 8 -0.004 -0.004 -0.006 -0.005 -0.005 -0.006
In 9 9 =  In 10 10 -0.002 -0.002 -0.002 0.009 0.008 0.006
In TOTOD 0.015 0.023 0.011 0.007 0.013 -  0.002
In 1 2 -0.006 -0.006 -0.006 -0.001 -0.001 -  0.001
In 2 3 0.022 0.029 0.019 0.021 0.027 0.019
In 3 4 -0.002 -  0.002 -0.003 -0.016 -0.016 -  0.020
In 5 7 = In 6 8 0.000 0.000 0.000 0.002 0.001 0.000
In 5 9 =  In 6 10 0.000 0.001 0.000 0.000 0.001 0.000
In 7 9 =  In 8 10 0.001 0.001 0.000 0.000 0.000 0.000

Table 7 b. Equilibrium con­
stants K 4 and K-a a t 300 K  
calculated from the informa­
tion in Tables 4. The head­
ings are the same as those 
of Tables 4. The left-hand 
designations refer to the 
contributions of the respec­
tive terms in Tables 4 to 
the respective equilibrium 
constants.

factor in II which is not cancelled by a correspond­
ing factor in molecule I. When one takes into 
account the fact that the bending coordinates are 
degenerate in pairs, the logarithmic contribution 
of the bending factors to K 4 is —0.011 while that 
of the stretches is — 0.076.

As for the interaction terms, the 1 2 interaction 
term in I is smaller in magnitude than the corre­
sponding 2 3 stretching interaction term in II. 
Moreover, the sign of the 2 3 interaction term in I 
is the negative of the 2 3 term in II so that, in 
order to obtain the contribution of 2 3 in Table 7 a, 
the two magnitudes are added. A similar statement

applies to the 1 2 interaction. The total 2 3 con­
tribution to K 4 is quite large. There is also a 
negative contribution to K 4 which arises from the
3 4 interaction term in II. The bending interaction 
terms 5 7 in I and II cancel each other. The small 
7 9 bending interaction in II has no analogue in I ; 
when one considers the degeneracy of the bending 
coordinates in pairs, the 7 9 =  8 10 interaction 
makes a contribution of almost 0.01 to the (loga­
rithm of the) equilibrium constant (contribution of 
about 1% to the equilibrium constant itself). The 
total interaction contribution to K 4 is opposite in 
sign to the c contribution and half of its magnitude.



1572 P. Bopp et al. • Dissection of 13C/12C Isotope Effects on the Cyanoacetylene Partition Function

K$ involves molecules III and II so that Tables
3 b, 3 c, and 7 a must be consulted. The contribution 
due to c(3) cancels. The contribution of c(2) in II 
(C =  13C) almost cancels the contribution of c(4) in
III (13C =N ). Thus the overall contribution of the 
c’s for stretches to K$ is 0.004. The bending coordi­
nate with the largest c value in III is coordinate 9. 
The c factor for the bending coordinate 9 in III is 
much larger than other bending c factors because 
the diagonal force constant for coordinate 9 is large. 
This large c factor leads to the result that the net 
contribution of the bending c factors to K§ is 
positive (0.016) while the corresponding contribu­
tion to is negative.

The 3 4 interaction term in III is much larger in 
magnitude than the corresponding 1 2 term in I 
and has almost the same magnitude as the corre­
sponding 2 3 term in II (these are all interaction 
terms involving the two stretches terminating at 
the respective isotopically substituted atom). 
Consequently, the 2 3 and 3 4 interaction con­
tributions almost cancel each other in K$ while
2 3 and 1 2 did not cancel each other very effectively 
in K 4. The contribution of the bending interactions 
to K$ is somewhat larger than the corresponding 
contribution to K \ .  This result is brought about 
largely by the fact that 7 is larger than The 
overall contribution of the interactions to K$ is 
positive but is only half the magnitude of the 
corresponding contribution to K^.  The interaction 
contribution has the same sign and the same 
magnitude as the c contribution to K 5 .

Summary

The reduced isotopic partition function ratios 
of the three singly 13C substituted cyano- 
acetylenes with respect to the 12C compound have 
been evaluated with three different vibrational 
force fields. The contributions of the individual 
stretching and bending coordinates (c factors) and 
of interactions among these coordinates (CORRy 
factors) have been obtained by a perturbation 
theory method. This dissection of the reduced 
isotopic partition function ratios permits a corre­
sponding dissection of the thermodynamic equilib­
rium constants among the three 13C cyanoacetylenes. 
Some explicit discussion of these dissections has 
been given in terms of the force fields employed 
with a knowledge of the behavior of the perturba­
tion theory. The perturbation theory permits one

to assess the contributions of the various force 
constants to isotope effects. While we have em­
phasized that the perturbation theory calculations 
can be carried out with ease, we should also 
emphasize that the perturbation theory approach 
should largely be used as a qualitative tool and as 
a tool of analysis; the exact calculations which are 
being analyzed by the perturbation theory can be 
carried out straightforwardly with a digital com­
puter.
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Appendix I

G Matrix Elements and Numerical Factors

A) Diagonal G matrix elements [13]
a) Stretch i between atoms A and B with masses 

ma , mB
1 1

g ii — +  
m A w B

b) Bends j  and k of angle A -B-C  from equilibrium 
angle of 180°: i?(AB) is the equilibrium separa­
tion of A and B

1 1  1 1
9j} =  w u  /.’ (A B )2 +  m c ^ ( B C y

1 ( 1 1 Y
+  mB \  //(AB) +  /?(BC) j ’

Qkk =  gjj ■

Two linear bending displacement coordinates j 
and k corresponding to displacements in mutu­
ally perpendicular directions, are associated with 
each equilibrium configuration in which the 
angle between bond AB and bond BC is 180°.

B) Off-diagonal G matrix elements [13]
There can be no off-diagonal G matrix elements 

between two displacement coordinates which have 
no atoms in common. In a molecule the equilibrium
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configuration of which is linear (e.g. cyanoacetylene), 
there are no off-diagonal elements (either in the 
G matrix or in the F matrix) between stretches and 
bends. In such a molecule, there are also no off- 
diagonal elements (either in the G matrix or in the 
F matrix) between bends which correspond to 
perpendicular directions. Thus, coordinates 5, 6 
correspond to a set of linear bends in cyano­
acetylene involving H —C =  C, while coordinates 7, 8 
are a similar set involving C =  C—C. Then

£756 =  J778 =  <758 =  <767 =  0  j 

<755 =  <766 ,

<777 — <788 ,

<757 =  £68 •

The non-zero equalities follow from symmetry 
considerations. The same equalities hold for the 
elements of the F matrix.

a) i  =  stretch between atoms A and B, 
j  =  stretch between atoms B and C,

(In equilibrium configuration, angle between 
AB and BC is 180°.)

9iJ = — 1/wb •
b) Bend-bend interactions in molecules with linear 

equilibrium configuration: i and j  are linear 
bending coordinates involving motion in the 
same direction

1) i =  bend A-B-C , 
j  — bend B-C -D ,

1
(Jij =  ~ JR (BC)

1
+  '

m c

1

R (  AB) 
1

+
1

iü(BC))

is’(BC) 1 R(CT>)

c) Atomic masses
H =  1.007825 amu, 12C =  12.000000 amu, 

13C =  13.003350 amu, N  =  14.003074 amu.

Appendix II

Some Properties of the c Factors 

V2j  1 — e ~ Vl}
c(j)

V u  1 — e ~ V2J 

V'2j sinh ( Fjj/2) 
V\j  s in h (F 2 ;/2 )

exp { ( l \ j  — V2j)l 2}

where

2 ) i — bend A -B-C , 

j  =  bend C -D -E ,
1 1 

9i} =  n̂c R(BC)R(CT>) '

C) Xumerical factors for calculations

a) n ’ =  (fugu/ö.89141 x 10-7)1/2 ,
units: v' (cm-1), fa  (mdyn/Ä). gu (inverse atomic 
mass units).

b) V =  h v' /kT  =  1.4387 v'jT .

Vu  =  h v'ij/kT , v'u =  (2jt)_1 (f„ g „ ) W  .

The subscript 1 here refers to the light molecule 
(e.g., H 12C 3N )  while 2 refers to the heavy molecule 
(e.g., either I, II, or III).

Rule 1. (gjj)i ^  (Qjj)2 and c(j)  ^  unity.

Rule 2. If (gjj)i =  (gj})2, c(j)  =- unity.

a) If coordinate j  does not involve movement of 
the isotopically substituted atom, c(j) =  unity.

Rule 3. As T  increases, c (j) approaches unity.

Rule 4. At constant v[jjv'2j , increase in vy  leads 
to an increase in c(j).

a) Increase of fjj at constant gij j ,  g2jj leads to 
increase in c(j).

Rule 5. At constant v[j (or v'2j), increase of 
v{jlv2j leads to an increase in c(j).

a) At constant v’Xj (or v'2j), increase of gijjlg2jj 
leads to an increase in c(j).

Appendix III

Some Properties of ( C O R R ) y  Factors

Rule 1. In ( C O R R ) y  decreases in absolute mag­
nitude with increasing temperature and approaches 
zero as T —> oo.

a) At constant Uj I ( fa  f j j )1' 2, guKgu gjj)1/2, and 
given vi \ v j , In ( C O R R ) y  decreases in absolute 
magnitude with decreasing values of V i ,  V j .

Rule 2. In ( C O R R ) y  is zero unless at least one of 
the coordinates i or j  is isotopically substituted.

Rule 3. If both gry and / y  equal zero, In ( C O R R ) y  

equals zero.
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a) There are no (CORR)y terms which couple 
stretching to bending coordinates in linear mole­
cules.

b) For the cyanoacetylene molecule, the only bend­
ing interaction terms are (CORR)s7 =  (CORR^s- 
(CORR)79 =  (CORR)s 10, (CORR)59 =  (CORR)6 10.

Rule 4. At low temperature or if exp (— Vi )  and 
exp (— Vj )  are sufficiently small, F y  (Eq. (16)) can 
be written

VtVj \__ 9ii fit__ l2
ij  4 ( F f  +  Vj )  { g a g j j ) 1/2 ( / « / # ) 1/2

1 t i ) 1 Hi
2 9 u 9 j j  2 f u f j j

This form of F y  makes it easier to rationalize some 
of the following rules.

Rule 5*. When In (CORR)y differs significantly 
from zero, the main contribution is found usually 
to arise from (CORR-Cr)y with lesser contribution 
from (CORR-jFG)ij, if /y  is sufficiently large. 
In (CORR)-.?%• is never found to have significant 
magnitude. (See Eq. (17) for definition of above 
terms.)

a) If the coordinates i and j  have no atoms in 
common, In (CORR)y vanishes. Under this circum­
stance gij vanishes and In (CORR)y equals 
In (CORR-F)ij.

Rule 6 *. From Eq. (15),

(CORR)y =  exp (F2.i] — F u j ) .

The relative magnitudes of Fuj  and F 2ij are found 
to depend on the relative magnitudes of gijl{gag]j) 1/2 
in the two isotopic molecules. When gy is isotope 
dependent, gijligugj] ) 112 is smaller in magnitude in 
the heavy molecule (molecule designated as 2). 
When gij is isotope independent and either gu or gjj 
is isotope dependent, gi j  I { g a g a ) 112 is smaller in the 
light molecule.

a) If coordinates i and j  are both isotopically 
substituted (gy isotope dependent), In (CORR)y is 
negative.

b) If only one of the coordinates i, j  is isotopically 
substituted, In (CORR)y is positive.

Rule 7 * .  The isotope effect on F i j  tends to be 
large when gy is isotope dependent and somewhat 
smaller when only gu or gjj are isotope dependent.

* These rules describe specifically the experience here
with the 13C/12C cyanoacetylenes.
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